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/abstract 


Let  he  k  nonnA  i  populations  with  unknown  means 

I  x  \  1  j,.,- k 

-  2 

and  a  common  unknown  variance  •  ■  0.  Based  on  independent  samples  of  sizes 

n.,...,n  ,  the  populations  are  to  be  partitioned  into  two  sets,  where  the 

‘  1  b  K 


first  one  contains  al 


with  .  ■  --Q,  and  where  the  other  one  contains 


the  rest.  At  first  it  is  assumed  is  known.  Under  an  additive 

a.-b  "  loss  function  a  minimax  procedure  is  derived  which  is  of  a  simple 
natural  form.  The  proof  of  minimaxity  makes  use  of  the  Bayes  approach  and 
involves  a  sequence  of  nonsymmetric  priors,  which  play  a  similar  role  as  a 
least  favorable  prior  in  si  mpler  problems.  Analogous  results  are  presented 
for  tnc  case  that  n  is  not  known.  Ir,  this  case,  a  control  normal  population 
is  assumed  to  exist  from  which  an  additional  sample  of  size  nn  can  be  drawn. 
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1.  Introduction. 


Let  ■  ■-  N( 


N('k»  )  be  k  normal  populations  with  unknown 


means 


^  and  a  common  unknown  variance  a  .  A  population  -.  is 


considered  to  be  "good"  if 


-q,  and  to  be  "bad"  if  r.. 


0 


%  i  -  1 1  • « •  (k . 


the  control  value  ()  may  either  be  known  or  unknown,  where  in  the  latter 


case  a  control  population  r  N(  g."‘)  is  assumed  to  be  also  available. 


The  purpose  of  this  paper  is  to  derive  statistical  procedures  which  partition 
the  k  populations  into  "oood"  and  "bad"  ones,  respectively,  under  the  minimax 
c  r  i  tenon. 

-  e-  > .  -  i  e  t ,. 


1  !t)  i  be  a  random  sample  from  -  ,  i  =  l,...,k.  If 


if » nnwn , 


«t  >, 


•Nil . X0n 


be  an  additional  sample  from  the 


0 


cunfn.i  population  .  All  sai'ples  are  assumed  to  be  mutually  independent, 
for  notational  convenience,  let  X  -  (Xp...,X^)  if  ^  is  known,  and  let 


X  -  ( >r , x  . XL)  if  n  is  unknown.  In  either  case,  a  multiple  decision  rule 


"k  '  '  1  0 

car  be  represented  in  the  form  -  ( 


^ . - k ) ,  where,  after  having  observed 

>.  x,  t(x)  denotes  the  probability  of  deciding  that  is  good",  i  =  l,...,k, 
let  i,  denote  the  class  of  all  such  rules  which  are  Borel -measurable. 
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For  a  decision  theoretic,  treatment  of  the  problem  a  loss  function  has 
to  be  specified.  Assume  that  in  each  ith  component  problem  a  nonnegative 
loss  a ^ { b ^ )  occurs  if  ^  is  "bad"  ("good"),  but  wrongly  classified  as 
"good"  ("bad"),  and  that  no  loss  occurs  if  the  classification  is  correct, 

'  -  1 , . . . ,k .  The  overall  loss  is  then  assumed  to  be  the  total  sum  of  these 
k  losses.  Formally,  the  loss  function  is  thus  of  the  form 


U  -,d)  =  ;  a .  1  <  .  ,  ( -  )  ♦ 

i - 1  1  ’  0; 


bi  ‘[-'q.")  ^  i  ^  ’ 


v  *  1  L 

where  c  IP  ,  d  r  o.l  •  ,  and  d^  -  0(1)  stands  for  the  decision  that  n. 
is  "bad"  ( "good" ) ,  i  =  1 , . . .  ,k . 

ror  the  case  of  0  known,  let  '*  be  the  following  rule. 

(2)  '*(/)  =  0(1)  iff  ni1/2(X1-0)/S  ■  (>)  c.. 

2  2 
where  S  is  the  usual  unbiased  pooled  sample  estimator  of  a  and  c.  is  the 

lower  a.(a.+b.)  '  quantile  of  a  t-distribution  with  n^+...«-n^-k  degrees  of 

freedom,  i  =  1 , . . .  ,k  . 

Analogously,  for  the  case  of  q  unknown,  let  **  be  given  by 

(3)  <**(X)  -  0(1)  iff  (n'1>n:1)'1/2(Xi-X0)/S  ■  (•)  c^ 

2 

where  S  is  now  derived  from  (Xq.X^ ,. . . ,X^) ,  and  c^  is  the  lower  a.(a^*b^) 
quantile  of  a  t-distribution  with  ng+nj+. . .+nk-k-l  degrees  of  freedom, 
i  *  1 , . . .  ,k. 


i 


The  Jkiin  results  to  hr  proved  below  will  confirm  that  ther.p  two 
procedures  are  minima*  for  their  associated  cases. 

The  problem  of  comparing  k  normal  populations  with  a  control  has  been 
considered  by  many  authors.  To  mention  a  few  of  the  earlier  papers,  Paulson 
,  unnctr  ;  1966; ,  Gupta  and  bobel  (1958),  and  Tong  (  1969)  have  proposed 
and  stu  iied  some  natural  procedures.  I  ehmann  (1961)  and  r>pj0tvoll  (  1972) 
have  treated  the  problem  with  methods  from  the  theory  of  testing  hypotheses. 
Handles  ,nd  ;iel  lander  ,  1  -*  7 1 )  and  Miescke  (1981)  have  derived  optimal  procedures 
under  the  -mininax  approach.  An  overview  of  this  area  of  research  can  be 
found  in  Gupta  and  Panchapakesan  (1979). 

In  many  of  the  paper,  dealing  with  multiple  comparisons  with  a  control, 
the  su- k.a  1  led  indifference  yones  have  been  adopted,  which  means  that  wrong 
decisions  with  respect  to  parameters  sufficiently  close  to  -q  do  not  result 
ir,  any  !  ss.  Thereby,  intervals  around  Q  have  to  be  specified  which,  together 
witn  certain  other  parameters  to  be  chosen  by  the  experimenter,  make  the 
proposed  procedures  look  somewhat  complicated. 

Our  approach  to  the  oroblert  may  be  more  appealing  to  the  experimenter 
because  u*  its  simpliMtv.  'here  are  only  k  pairs  of  losses  to  be  chosen 
ti  defer  i r  e  the  res:>e.  r  i  ye  no n >  juir'procodu re :  (a ^  ,b^ ),...,( a^  .b^ ) .  These 
li.se,  c  ;  *e  a  ju  i  t  e^wrfTirTT^nte  rp  re  t  a  t  i  on  which  facilitates  the  experimenter's 
'Thecu  for  each  i  -  T,...,k,  the  ratio  of  a  and  b.  represents  the 
relative  importance  of  avoiding  the  two  types- of  possible  errors  in  the  ith 
component  decision  problem.  A f tea*  fries e  k  ratios  are  determined,  each  pair 
may  still  be  multiplied  by  an  individual  factor.  These  k  factors  may  then 
be  chosen  in  a  way  to  reflect  the  relative  importance  of  avoiding  errors  in 
the  k  component  decisions. 
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where  1  ;  and  1  ^  denote  the  risk  function  and  the  Bayes  risk,  respectively, 
for  the  ith  comgonent  problem. 

Lorry  1  can  he  used  to  reduce  the  k-decision  problem  under  additive 

loss  t ■  •  k  individual  1-decision  problems,  the  only  common  link  being  the 

.punt  ru,r\  p  ,  ■>  •"  IN.  As  can  be  anticipated,  the  second  result  will  now 

be  with  respect  to  a  single  component  problem.  Since  it  may  prove  to  be 

useful  also  in  other  situations,  it  is  given  below  in  a  more  general  form 

than  actually  needed  in  the  present  context. 

Consider  the  following  situation.  Let  Y  be  a  sample  from  a  parametric 

family  of  probability  distributions  \P  •  where  we  wish  to  test 

a  (  In 

H„ :  „  versus  rl,:  •  •.n.  Let  the  loss  function  be  L(-  ,1)  -  L,{->)  •  0 

I ;  U  I  U  1 

if  ,  L  (  ,0)  L?{  ■•)  0  if  •  •  Q,  and  L(-,*)  =  0  otherwise.  This 

includes  as  a  special  case  the  0-1  loss  function,  where  L1  =  i2  =  1. 

Lera  2.  Let  -  be  a  prior  density  w.r.t.  a  o-finite  measure  i.  defined  on  the 
Borel  sets  of  IR,  such  tnat  the  following  constant  c  exists  and  is  not  zero: 

.0  * 

lb)  c  =  ;  u i ( ‘ ' )  i(-)du(  )  ♦  j  L?(  •)  - ( ‘  ) d.  (  ) . 

0 

Let  •■(  '  =  c“ 1 L 1  (  ) - (  )  if  «  -g,  and  -(•■)  =  c'1L?(s)-(  •)  if  ••  >  -jg.  Then 
the  Bayes  rulj?s  under  L ( ♦ ,  • )  w^_r._t.  -  coi  nci  de  wi  th  the  Bayes  rules  under 
the  0-1  loss  function  w.r.t.  ”,  and  the  Bayes  risks  are  related  to  each  other 
through 


Proof:  Let  be  ,t  decision  rule  and  assume,  without  loss  of  general  i ty , 
that  it  is  non- randomi zed.  Under  the  loss  function  L,  ’’he  Bayes  risk  of 
'  with  respect  *o  a  prior  ,  for  which  c  •  0  exists,  is  given  by 

(7)  r,  (  ,  }  * 

)P  '  ( Y )  1  ■ "  (  )d.()  ♦  /  l2(  )P„;  {Y)=0 :  •(  *)d‘  (  ) 

0 

P  -  ‘  { Y  )  =  1  {  )d-  (•  )  ♦  J  P.-  ‘  (Y)  =  0  (  )d( 

0 

.  ), 

from  which  the  assertions  follow  immediately. 

The  above  lemma  will  be  applied  in  Section  3  in  the  following  way.  Let 
lj(  )  =  a  and  1^!  )  -  b,  respectively.  Consider  a  (normal)  prior  density  " 
w.r.t.  the  Lebesgue  measure,  which  is  synmetric  w.r.t.  Under  0-1  loss, 

its  Bayes  rule  turns  out  to  be  very  simple.  It  will  be  used  later  for 
the  A.  's  in  (4).  Under  the  loss  function  L,  it  is  also  Bayes  rule  w.r.t. 
the  prior  density  r  given  by  T[  )  1  2b(a+b)  ^  M")  if  '  q.  and 
"('  )  =  2a(a+b)’!  "(  )  if  1  in  this  case  we  have  c  -  L’ab(a+b)  \ 

3*..Jfr9W.  AVAfP.1...  o ■ 

As  a  natural  first  step,  let  us  derive  the  Bayes  rules  for  the  given 
k-decision  problem  with  respect  to  the  standard  family  of  conjugate  priors. 
Although  they  are  interesting  in  their  own,  only  the  Bayes  rule  for  the  case 
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of  a. -tv.  '  l,...,k,  will  prove  to  he  useful  for  the  problem  under  concern. 

Reconsidering  this  rule  through  Lemma  2  as  a  Bayes  rule  w.r.t.  a  non-symmetri c 
prior,  it  will  be  used  in  connection  with  Lerma  1  to  prove  minimaxity  of  •*. 

.  p 

Following  DeGroot  (1970),  ch.  9.6,  let  g  r  -  be  the  precision,  and 
let  and  Q  denote  the  random  parameters  in  the  Bayes  approach, 

which  are  assumed  to  have  the  following  prior  density  w.r.t.  the  Lebesgue 
measure ■ 


i’(  ,q)  i^V':  q)  'i!q).  r  Nk,  q  •  0, 

i  ~  l  1 


where  q)  is  a  N(,  ,(t.q)  ')  density  with  known  r  IR  and  t.  -  0, 

i  "i  ii 

i  1 . .  . .  ,k ,  and  where 


'  9 } 


g(g)  •-  .  ‘  (O' 


A 


is  the  density  of  a  r-dist  ri  but  ion  with  known  parameters  .  ■  0  and  :•  0. 

Standard  analysis  leads  to  the  following  posterior  distributions  at 

X  a  .  Gi  ven  >)  =  g ,  ^  , . . .  ,  ^  are  independent.  N(  (  \  i ;  .  T  >  x . )  (  . ,  *ni  )*  , 

1 

(q  ♦  n  ,)  i  l,...,k,  and  "arjinally,  Q  follows  a  di stribut ion 

I  i 

with  parameters  -+2  'n  and  where  n  =  n^+...n^  and 


(10) 


and  where  x^  denotes  the  sample  mean  of  x^,  i  *  l,...,k. 


m 


■■  ’ 


1 


!or  i  i  1 . k  'tv'd,  by  lookin':  at  the  posterior  joint  density  of 

'  and  ,  it  i  an  he  seen  'hat  the  poster-or  marginal  density  of  ■  is  a 
♦  -  d1  s  t  ri  but  ■  •  r  w  th  .  •  n  ♦  y  ,  de  ;rees  o<  free  don  ,  with  location  parameter 

1  ■■♦n.)  ' ,  and  scale  parameter  where  /  ~  2  '  ( •  ^  *n. 

The  have-  r:.le  '  for  the  ;th  component  orob’er  can  be  found  by 
’ n i " ; y ; n ■  t"e  associated  posterior  expected  loss.  It  is  give"  b> 


!  "  •:  f  ‘  • 


,i .  h 
l  i 


i '  '  ;  f  •)(.  o-s  jits  derived  » !  ■  f  ye. 


t> , 


)  ‘  1  '  ' ')  •  f  * 


*n.,<  !  *  n . 

i  1  l  '  1  l 


1  '  e 

e  '  ■  c, 


w  h  e  'S'  ei  is  t  he  ’ewer  a  .  •  a  t  ♦!'  •  quantile  of  a  t  -  di  s  t  ri  but  ion  with  , 
>'.rees  -■*  f -••.>(<«  •• .  i  ih  virus  1  y  ,  • '  is  then  the  ever, >11  "ayes  rule  for  the 

’  ’  I*'  pi  nt)  I  I'll  . 


♦he  . ;  e.  '  a  ’  (  tse  of 


.t  b 
i  i 


1 . k  .  t> 


.*  ♦  hi  of  a  very  sr  ple  fnrn  ,  -,av,  wh«-ri 


;  o  ■•:•)(),  i  -  i . k. 

s  o..r  .  and-  d  *.♦,«'  for  the  !•  a ,  e<.  rules  used  on  the  rioht  hand  s’de  of  (4). 
♦dr-  "v.  ;•»•»»  r  d i s t  n but  i  t  •; i  ven  by  and  (0) .  assure  for  a  moment 
*‘1at  .  "  f'-ed.  Fro-  the  results  stated  j us ♦  after  (9),  it  is  easy  to 

,  's  Ba/es  rule  for  the  ith  component  proble",  and  ^  is  overall 


s  »-e  that 
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B  0 

On  the  right  hand  side  of  (4),  let  _■  =  ‘  ,  and  let  be  equal  to  p 

as  gi ven  in  (14)  and  (15)  with  t  ^  =  ...  =  ^  '  m»  m  £  N.  Let  i  C  1 , . . .  ,k 
be  fixed  for  the  rest  of  the  proof.  We  will  show  below  that 


i 


17) 


1  im 
nv— 


aib1(a.*bi) 


-1 


which  clearly  completes  the  proof  since  under  the  loss  function  given  in 
(1),  has  been  seen  to  be  Bayes  rule  w.r.t.  prior  p^,  for  everv  "  <'  M. 

n 

Under  the  u- 1  loss  function,  '  has  also  been  seen  to  be  Bayes  rule 

w.r.t.  prior  p  say,  which  is  equal  to  l1  as  ‘liven  in  (X)  and  '  with 

•  . . .  -  „k  Q  and  :  j  = . . .-  ik  •  a;,  and  this  for  every  m  £  fi.  In  this 

setting,  the  Bayes  risk  of  can  be  written  as 


(18)  rQ1 1  (pm’  ?)  =  £  ro'i^Pm’‘i  q)g^q)dq*  say’  where  dt  q  °* 

( i ) ,  0  . 

ro,r-V  i  q)  ■ 

‘  /  •t((n.q),/?(‘i-  0))  (mq),/2  <p((mq) ,/?( Q))  d  - 

*  /  l((niq,1/2(Vei),  (rnq)1/2f?((mq)1/2(V  o))  dm 

'  0 

*  /  {■(  (n./m) ^ ^  w)  v(w)  drt  +  j  j>(-(n,./m)^2  w)  <p(w)  dw. 


where  and  :  denote  the  standard  normal  density  and  cumulative  distribution 
function,  respectively.  Clearly  for  every  q  >  0,  the  sum  of  the  last  two 


1 1 


intourjls  tends,  to  1/i’  d'.  in  tends  to  infinity.  Since  tne  value  of  this  sur 
is  always  between  0  and  1,  uniformly  in  q  0  and  u(  h,  it  follows  by 
Lebesoues  dominated  convergence  theorem  that 


i  i‘f  ) 


.  { l )  ,  .  0 , 

1,ni  ro,i  (Vi>  ' 


1/2. 


Applying  now  Lerira  2,  in  the  way  described  below  of  (13),  we  get 


(33) 


fl(,)<Vi)  ^  2  d,bildi*birl  ro!l(Pr.-'?) 


f ron  this  it  follows  that  (1/)  holds,  and  therefore  the  proof  of  the  theore, 
is  completed. 

it  should  be  pointed  out  that  Lehmann  (1957)  oas  shown  that  the 
mini ma* -value  of  tne  i th  component  problem  is  equal  to  a .b. (a .+b. )  \ 

i  ■  1 . k.  Therefore  from  (16)  it  follows  that  ■*  is  minimax  for  the  itn 

componert  problem,  i  =  l,...,k.  It  is  a  well  known  fact  that  student’s  t-test 
is  mini ria x  at  the  suitably  chosen  level  of  significance.  However,  this  fact 
is  of  nc  use  in  the  present  context,  since  the  overall  minimax  value  may 

be  less  than  the  sum  of  the  k  minimax  values  of  the  k  component  problems. 

2 

As  a  final  ren^rk,  let  us  mention  that  *  remains  minimax  if  S  ,  the 
pooled  san, pie  estimator  of  :2,  is  based  on  a  subcollection  of  observations 

from  X,  and  if  c^ . c^  are  properly  adapted.  However,  such  a  modified 

procedure  would  have  a  strictly  larger  risk,  except  at  ^  ^  1  Oq. 

This  follows  from  the  fact  that  for  every  id  i 1 . k  ,  *  is  the  uniformly 

mos-t  powerful  unbiased  test  at  its  level,  whereas  the  modified  procedures’ 


1? 


ith  dot  . s inn  rule  would  on'  /  be  ,:n  unbiased  test  at  the  same  level  of 

,  -  l 

*' i  i  * *’ i  '  •  •*”’  '■  edified  procedure  would  thus  be  inadmissible.  Whether 

'  •'  rot  *  '■>  ad"’ "  ’!>  le  remains  an  open  question. 


‘Jr  known 

Font  *  ol 

O’ 

In  { h  l  ■ 

.  set  *  !  rip 

,  an  additional 

sample  X„  fror  popuiati-. 

* 

O’  ; 

bservr d. 

Th,  an, 

t logons  results 

to  Section  '{  can  be  der’ved 

'  *'  ,* 

si” i  lar 

•vs.  t  ,.n*  *»,  i  .  c, will  be  rather  con.  tv. 

;i’’st,  ’et  us  ‘  i  nd  the  Ba.es  w.’.t.  t*  «•  '  tarda rd  f.p;Iv  o*  r  onj-J'iate 

briers  wh'i.n  ’s  "'.sent  i  a  1  i  /  the  same  tis  (8)  and  l0).  but  now  with  the 
product  in  ; -)  defined  over  the  ranee  i  ~  since  is  now 

an  additional  random  parameter.  Of  course,  p  ^(*  q)  is  a  N(  ■  q»(  ’  ,yi)"  ^ 
density  with  known  M  <  tp  and  r  '  0.  F rom  the  results  derived  below  of  (9) 

't  can  be  seen  fiat  the  posterior  distribution  at  X  =  x  has  the  following 
properties,  for  every  i  -  l....,k,  niver  Q  =  q,  -  has,  marginally,  a 

n  ir  a  1  d'  st  r;  but ;  on  wi  th  mean  '  -  (■  .  *n  .  j .  an  ,  x  .  )  -  ( ■  +n  )*'' 

,  *n,  >, ,,  and  variance  o* '  ( <  4n  . )  ‘ 1  *  ('%)'').  The  posterior 
».( rginal  distribution  of  0  is  a  "-distribution  with  parameters  <  *  ?  ^ (n^+n) 
aid  ",  where  .  is  the  analog  to  :  '  given  in  (10),  where  the  first  sum  is 
now  def’.retf  over  the  range  i  0,1,..., k. 

For  i  r  l . k  rixed,  by  looking  at  the  posterior  joint  density  of 

>r,  and  if  (  an  be  seen  that  the  posterior  marginal  density  of  a.- 
's  a  f - di stnbut ■  on  with  np+nt?  i  degrees  of  freedom  with  location  parameter 
,p  ‘,ru)  <<«*>»•  parameter  ,f),  where  ,?{)  {(^n.)"1  *  (  ■  0  +  n  J '')  {nQ*n*t .) ' ' . 

For  the  ith  component  problem  the  Bayes  rule  can  be  found  by  minimizing 
tne  associated  posterior  expected  loss.  It  is  given  by 


3 


°(x)  =  1(0)  iff  P  ■*  .  -  un  X  =  x 


)  b.  (a  ,+b. )" ' 

l  ;  l 


or,  by  using  the  results  derived  above. 


U<:)  j<0  -  HO)  iff  .• 


whore  is  the  lower  a^ia^4^)  quant  ie  of  a  t-distribution  with 
n  4n+2.i  degrees  of  freedom. 

Tor  the  special  case  of  ]  ....  -  n(T  ,  a.  -  b.,  i  -  1  .....  k . 

the  Bayes  rule  turns  out  to  :>e  of  the  simple  form  say,  where 


f’(  0  -  1(0)  i'  X.  -  x0  •  {  )  0,  i  =  1 . k. 


Instead  of  following  along  the  lines  below  of  (13),  there  is  a  shorter 
way  to  prove  nnnimaxity  of  **  in  the  present  case.  The  main  result  of  this 
section  is 

Theorem  .  Under  the  loss  function  (1),  the  muUi pie  decision  rule  **, 
as  jiven  in  (3),  is  mini  rax.  The  minmax-value  of  the  problem  is  equal  to 

'  aba  ♦b.r1. 

1=1  ’  1  ’ 

Proof.  Again,  standard  arguments  show  that  for  every  i  -  ),..., k,  the  left 

M 

hand  side  of  (4)  for  =  •**  is  equal  to 


sup-:R,^((  ,q) ,  •**)  ■  €  Fk  +  1,  q  •  0  =  a  .b .  (a .  +b  .  f 1 , 

k.  I  fill 


where  the  dimension  of  the  -parameter  space  is  now  k+1 
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On  the  right  hand  side  of  1,4),  instead  of  chosing  ®  to  be  let 

rather  as  before  in  the  proo^  of  Theorem  1.  As  to  the  priors  of 

is 

-  ,  :  ^ . and  0,  assume  that  ^  be  a  fixed  known  constant  0> 

say,  and  adopt  the  same  priors  for  .  and  0  as  have  been  used  in 

the  proof  of  ’heorem  1.  Then  for  every  ■  r  f  1 7 )  holds  true  and 

is  Bayes  rule  with  respect  to  prior  pjt  for  all  m  1  ft.  Therefore  the 
;  rod*  o‘  ’hen  re::  "  i  ■■  essentially  the  sare  as  the  proof  of  Theorem  1  . 

Con  1  udi ng  Re”i<> rv s  : 

’he  remans  liven  at  t^e  end  of  Section  i  ho  1  <1  in  an  analogous  form  for 

t*e  situation  corsidered  above.  They  are  omitted  for  brevity. 

Ccr  the  proofs  of  the  two  theorems,  the  proper  choice  of  priors  was  crucial. 

*ne  relevant  oara-eters  ^  were  assumed  to  be  independent,  whenever  the 

njisance  parameter  0  r  u  was  fixed.  In  the  utiknown  control  case,  an  attempt 

*o  use  the  principle  of  'location)  invariance  may  not  lead  to  the  desired 

results  it  one  assumes  that,  aprior:  ,  are  independent. 

1  p  k  0 

’►us  is  oue  »o  the  fact  that  at.  X  x,  the  posterior  distribution  of  each 
-  ,>n  would  depend  on  all  given  observations.  For  the  case  of  -L  known, 
bandies  and  hol’ander  (1971)  have  given  an  instructive  example. 
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Multiple  comparisons  with  a  control,  simultaneous  t-tests.  minima*  k-sample 
tests.  Bayes  tests,  normal  location  problems. 
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Let  ^ . ^  be  k  normal  popula'ions  with  unknown  means  ^ .  k ,  and  a  common 

unknown  variance  0.  Based  on  independent  samples  of  sizes  . n^,  the 

populations  are  to  be  oartitioned  into  two  sets,  where  the  first  one  contains  all 
.  with  .  ,  and  where  the  other  one  contains  the  rest.  At  first  it  is 

assumed  that  -s  known.  'Jnder  an  additive  l,d--b.'  loss  function  a  minima* 
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